
A S Y M P T O T I C S  O F  A X I A L L Y  S Y M M E T R I C  

F L U I D  F L O W S  W I T H  A F R E E  B O U N D A R Y  IN 

T H E  C A S E  O F  D W I N D L I N G  V I S C O S I T Y  

V .  A .  B a t i s h c h e v  UDC 532.516.2 

For  high Reynolds numbers  asympto t ic  expansions a re  cons t ruc ted  of the solution of the a x -  
ia l ly  s y m m e t r i c  wave p rob l em  on the su r face  of a v i scous  i ncompres s ib l e  fluid of infinite 
depth under  the assumpt ion  that  the tangential  s t r e s s e s  on the f r ee  su r face  a re  of the o r d e r  
0 (1 /Re) .  The pr inc ipa l  t e r m s  of the asympto t ic  expansion a r e  solutions of l inear  pa r t i a l  dif-  
fe rent ia l  equat ions.  The obtained r e su l t  is  then adapted to the case  in which the fluid fi l ls  a 
bounded region whose boundary  is a f r ee  su r f ace .  Some examples  a r e  given.  

1~ E o r m u l a t i o n  o f  t h e  P r o b l e m  

F o r  the N a v i e r - S t o k e s  equations in the case  of dwindling v i s cos i t y  the nonl inear  axial ly  s y m m e t r i c  
p rob l em is cons idered  On wave motion of a v iscous  i ncompres s ib l e  fluid of infinite depth with applied 
s t r e s s e s  and the init ial  ve loc i t i es  f ield given, as well  as the initial  r i s e  of the f r ee  sur face :  

Ov/Ot+(v, V)V=--  Vp+8~hv+g;  div v=O; (1.1) 
v----a; ~--.~,(t=O); v = v v = O ( z = - -  co). 

T h e  d y n a m i c  and k i n e m a t i c  cond i t i on s  on the f r e e  s u r f a c e  F t : z = C (r ,  t) a r e  g iven  b y  the  fo l lowing  
re la t ions :  

P - -  2e~ [nr'~'r + n z ' ~  + n~n~ k-6-~z + --~r )J = p . ;  ( n ~ - -  n~) \-~z -}- "~r ) + 2n~n.. \'~z - - -~r  l =T1; 

%1 0% 
nr \-~r - -  "7"] + nz "~z --- T~; 

o f  OF v OF = 0 .  

(1.2) 

The d imens ion less  quanti t ies  appear ing  in (1.1) and (1.2) a r e  r e l a t ed  to the d imensional  ones (the 
la t ter  being dist inguished by a p r ime)  by the following fo rmulas :  

( r ' , z ' , ; ' , ; ' , ) = l ( r , z , ~ , ; . ) ;  t ' = v t ;  

l (v, a); (p', p:, T~, T2) = 00/~7-2(p, p , ,  T1, T2); (v ' ,  a')  = ~- 

e ~ =  /~ = t / R e .  

In the above r ' ,  z ' ,  O' a re  cyl indr ica l  coordina tes ;  v '  = ( v ' ,  v '  v '  is the veloci ty  vec to r ;  p'  is the h y d ro -  , 0 
dynamic p r e s s u r e ;  ~ ' ( r ,  z, t) is the r i s e  of the f r ee  surfacre a~the  instant  t; F i r ,  z, t) = 0 is the equation 
of the f r ee  su r face  F t in an impl ic i t  fo rm;  n = (rtr, nz, O) is the no rma l  unit vec to r  to Ft; g is the g r av i t a -  
t ional acce le ra t ion ;  O0 is the fluid density;  l and 3' a re  units of length and of t ime,  r e spec t ive ly ;  v is the 
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kinemat ic  v i scos i ty  coeff icient ;  Re is the Reynolds number .  I t  is a s s u m e d  that  the tangential  s t r e s s e s  
Tl ( r  , t) and T2(r , t) on the f r ee  boundary  a r e  quanti t ies  of the o rde r  0(g2). In view of the axial  s y m m e t r y  
no functions depend on the angle 0. 

The p r o b l e m  (1.1), (1.2) in i ts  l inea r i zed  formula t ion  was analyzed in [1-5]. In the p r e s e n t  a r t ic le  
the asympto t ic  behav io r  of i ts  solution in the case  of (1.1), (1.2) is cons ide red  for  g - -  0~ To solve the 
p r o b l e m  the method employed  in [6] is used.  

2 .  C o n s t r u c t i o n  o f  A s y m p t o t i c  E x p a n s i o n  

Asymptot ic  expansions  of the solution of the p r o b l e m  (1.1), (1.2) a r e  now obtained in the f o r m  

N N 

N N 

N 

h=O 

The functions v0, P0, ~0 are  found as solut ions of the wave p r o b l e m  on the su r f ace  of an ideal, incom-  
p r e s s i b l e  fluid of infinite depth, 

~V  o 
a'-/" + (%, ~7) v 0 = - -  ~TP0 + g; div v 0 ---- 0; v 0 = a; (2.2) 

~o=~,(t-----O); V o = V v o = O ( z = - - o o ) ;  po~-p , ;  

a~o ~ o~o , 
-~i- w V~o-~-r = V:o ( r, z, t ~ r~  : z = ~ (r, t) ). 

The functions Vk, Pk a r e  found at the end of the f i r s t  i t e ra t ion  [7]. By denoting the le f t -hand side 
of the s y s t e m  (1.1) by P(V),where  V = (Vr, Vz, v0, p) i t  is r equ i r ed  that the following re la t ion  be val id:  

P(V~) 0(sN+i); (2.3) 

By set t ing the coeff icients  of go e l . . . ,  gN in (2.3) equal to zero ,  to de te rmine  V k ,  Pk one finds 
l inear  s y s t e m s  of pa r t i a l  d i f ferent ia l  equations,  

av~ 
~7 + ~ (vi, V) vi = - -  VPh + hv~_2; 

i+i=~ (2.4) 

div vu =0;  

vk it=0=0; v~=vvk___0(z__ ~) ;  

( v - - l ~ - 0 ,  k = i ,  2 . . . . .  N). 

The functions hk, q k  a re  concent ra ted  in the neighborhood of the f r ee  boundary  Ft, and compensa te  
the def ic iencies  in the dynamic conditions (1.2) for  tangential  s t r e s s e s .  The f r ee  boundary  F~ for  the ideal 
fluid for  t > 0 is a su r face  consis t ing of those f lu id  pa r t i c l e s  which were  found on it at  t = 0. To cons t ruc t  
the functions hk, qk the t r ave l ing  local  coordina tes  (o, r  a re  in t roduced [6]. Let  r = R(q~, t), z = Z(~,  t) 
be p a r a m e t r i c  equations of the contour  F~ in the mer id iona l  sect ion p = p(r ,  z, t) this being the dis tance of 
the point (r,  z) to Ft; ~p = ~(r,  z, t) is the value of the p a r a m e t e r  which co r r e sponds  to a point on F~ n e a r e s t  
to (r,  z); then the vec to r  X = (r, z) is r e l a t ed  to the vec to r  Y = (R, Z) by the fo rmu la  

X=Y-~pn0. (2.5) 

In the above the dis tance p is m e a s u r e d  along the inner  no rma l  to Ft, and n = (o0, b0) is the unit vec to r  of the 
no rma l  to F~ It can be shown [8] that  in a neighborhood of the boundary F~ the fo rmulas  
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or 6 - 2 ( i  ^• oq~ = ~o--7 = - -  v~ ) ~ - ;  W 6 - z  ( I  - -  p •  o z .  (2 .6 )  Oq) ' 

op _ _ _ 6 - t ~  op b o = 6 - 1 o R  
Or % =  o~ '  o - y = -  ~ ;  

a r e  va l id .  In the above ~ denotes  the c u r v a t u r e  of  the con tour  F~. 

Equat ions  a r e  now d e t e r m i n e d  which m u s t  be  sa t i s f i ed  by  the funct ions  hk, qk.  Le t  hpk , hr , h0k, 
Vpk, vq~ k, V0k be the componen t s  of the v e c t o r s  hk, Vk, r e s p e c t i v e l y ,  in the coord ina te  s y s t e m  p, ~P,0. 
Equat ion  (1.1) is now r e w r i t t e n  us ing  loca l  coo rd ina t e s  and b e a r i n g  in mind  that  the Lam~ coef f ic ien ts  a r e  
H o = 1, I~p = 6(1 - 0u) ,  H 0 = R + a0o. T h e n  (2.1) a r e  subs t i tu ted  in the obtained equat ions  us ing  at the s a m e  
t ime (2.2) and (2.4). We expand the known coef f i c ien t s  into T a y l o r  s e r i e s  in power s  of 0 using for  ~ = 0 
the va l id  r e l a t i on  0 o / 0 t  + v0V p = 0 and se t t ing  o = Cs. Set t ing the coef f ic ien ts  of  ~0, ~ . . . . . .  r for  h 0 s u c -  
c e s s i v e l y  equal  to z e r o  one obta ins  a s y s t e m  of non l inea r  homogenous  equat ions ,  

Ohr ~ , Ohr ~ 6_tR_t  OR o OZhwo . 
ot + (hot -+- vm + sa (t, q~)) ,-+- (6-ih~o -1- b (t, q~)) ~ - -  cfl~o -~- ~ h?~o = os~ - '  

Ohoo 6hoo Ohoo " --t  --t OR O~hoo 
Ot + ( h ~ 1 7 6 1 7 6 1 7 6 1 7 6 1 7 6  R b--~-hoohr os 2 

6B o%.~ o 
os or (Bhuo) = O; 

ho [t=o=O, ho ] . . . .  =0 ;  Oho/Os 1+=o=0. 

Hence it  fol lows that  h00 = t ~  0 = 0. 
a(t ,  cp), b(t, r  el(t ,  ~p) . . . . .  c 4 a r e  g iven by  

+ ]o0+ +<, + +> [ +  +o0 a (t, ~) = - ~  LW + voVP ~) = VoV~]o=0; c~ (t, = o~ 

2 6 - i R - i O R v  o 0; c 2(t,q~) = 8q~ ~o = 

- i  t OR 
%(t, qD)=6 B -  ~-vr 

c~ (t,r = [ 6 - i R - t  ~ ] vr + aoR-tvoo o=o. 

Simi l a r l y  fo r  h k, qk one obtains  s y s t e m s  of l i nea r  equat ions  of the f o r m  

ot ~ sa + b ~ -r  c~l+~l~ -~ c.2hok - -  

a~ Ohoh ahok , 
Os 2 ~ Fh--I ; at ~- sa ~ ~- 

8hOb 82hok 
+ b -  ' cah(~h-~ c~hoh - -  = N k - t "  

6R 8h~ 
ds 

One finds f r o m  the cont inui ty  equat ion that  hp0 =ho~ = 0. The coef f ic ien t s  

0qt~+t ' ( ) Os -~- 8 -1  Or~176 + 2• o=o h+~ _2aoR- lvoohon ~ M u - t  ; 

O 0 0 O 
6 (% - -  • -dTs (sh~ - -  6%• W (s2h~ - -  ~ (Rh~k) _k S ~ (aohr = 0; 

hhlt=o=0, hkl~=~=qk[,=~=0, (k= t ,  2 , . . . ,  N). 

(2.7) 

The  r i g h t - h a n d  s ides ,  namely ,  Fk_t,  Nk_ t, Mk_ 1 a r e  known and a r e  e x p r e s s e d  in t e r m s  o f v  0 . . . . .  
Vk_t, h 0 . . . .  hk_ i . In p a r t i c u l a r ,  F 0 = M 0 = N O = 0 as  wel l  as  ql = q0 = 0. 
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M o r e o v e r ,  one d e t e r m i n e s  equa t ions  which  a r e  s a t i s f i e d  by  the f lmct ions  ~k(t, ~p). L e t p  = ~(t, % e) - 
N 

.~ ~ ( t ,  q0) be  an equa t ion  of F t w h e r e  ~0 = 0 s i n c e o  = 0 is  the equa t ion  of r~ .  One now se t s  F = - p  + ~ in 
h = 0  

(1.2) and e m p l o y i n g  the s a m e  c o n s i d e r a t i o n s  as  in the d e r i v a t i o n  of (2.7), one ob ta ins  

- : -  4- b (t, q~) - - - a ( t ,  q~) ~ = [hp~ + %~1o=o + E ~ _ ,  �9 ~1 ,=o  = 0; E o = E 1 = 0 (k =- 1,2 ..... N ) .  ( 2 : 8 )  
at ' " ~  

Apply ing  s i m u l t a n e o u s l y  the  f i r s t  and the  s econd  i t e r a t i o n  to the dynamic  condi t ions  (I,2), one f inds 
f o r  the s y s t e m s  (2.4) and (2.7) the b o u n d a r y  condi t ions  fo r  s = 0: 

. . . . .  + aoOo  as -7- ~ (2.9) 

Ohoh 

8s = % \  Or 7 " T b ~ ----~---z + 

art ,h--2 
-'r B ~ - i  ; P~ '-- q~ : 2a~ T 7 

+2bo Or,c, o o . /&'~,h-~ a%,~-z] 
Oz } ~a~176 I Or -I' : 'E  / + D h - i .  

In the above A o = B 0 = D O = D i = 0, Ak_ 1, Bk_i, Dk_ i are known being expressed in terms ofv 0 ..... Vk_t, 

h 0 .... ,hk_ I. It is noted that in this case one hasv I =pl =~1 =0. 

3 .  S o l u t i o n  o f  B o u n d a r y - L a y e r  E q u a t i  

I t  i s  a s s u m e d  tha t  the so lu t ion  to the p r o b l e m  
the p r i n c i p a l  t e r m s  of the a s y m p t o t i c  expans ion  fo r  
by  m e a n s  of 

o n s  

(2.2) is  known. To  obta in  an exp l i c i t  e x p r e s s i o n  fo r  
h~pt, h0t one changes  the v a r i a b l e s  in (2.7) fo r  k = ! 

~ = s L ( t ,  q~); ~l=q(t, m); t l = t ,  

w h e r e  L(t,  ~9), v(t ,  ~) a r e  so lu t ions  of the fol lowing Cauchy  p r o b l e m :  

OL OL 
o-7- + b (t ,  ~) ~ -  - -  a ( t ,  m) L = O, LIt:o = t ;  

a~) + b (t, q)) a~ a-T ~ = O, ~llt=0 = % 

The  f i r s t  two equa t ions  of  (2.7) now b e c o m e  

�9 at '  + c l h m i ~ c z h ~  a~hmi" 

ahol a~ho1 
Ot ~ %h~l + c~hol = L ~ ~ ; 

h l k = o  = h l ]~=~ : O; 

0h--~k Oh01 ~=o 

w h e r e  the  no ta t ion  

co~ (t, ~l)= L - l [ a o (  ~176 ~ ' ~ I ~ "  a%~ " dr r / ' b0"--J~z lp= Q" 

is  u sed .  O the r  func t ions  Hl(~, 77, t), H2(~, V, t) a r e  now i n t r o d u c e d  b y  m e a n s  of the f o r m u l a s  h~l  : f l ( t ,  ~) 
Hi, h01 = f 2 ( t ,  ~)H 2 w h e r e  f l  a n d f 2  a r e  the so lu t ions  of the s y s t e m  of equat ions  
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O/JOt + c~/~ § c31~1~ ~ = O, ]~lt=o = t; 

O / J O t §  c~/~ § ~ -~ cd:.,l~ = 0, 1~[~=0 = ~- 

(3.1) 

By in t roduc ing  another  v a r i a b l e  t2(dt 2 = L2dtl) one obta ins  for  the funct ions  wi(~, V, t) = H i + H 2 the b e s t -  
conduct ion  equat ion,  

~W 1 (~2 ~/! 1 ~ ; = - ~ ;  w~l~=o = w~l~== = o; ~ ~ , o~ 
. o~ ~=0 /1 ~- /~" (3.2) 

The solut ion of  Eq.  (3.2) can be  g iven in a c l o s e d  fo rm,  namely ,  

du. 
0 " t il (~, ~-----~ ~-"/~ (u, ~1) J 

(3.3) 

The  funct ions  H3(~, V, t) and H4(~, V, t) a r e  in t roduced  by  means  of the f o r m u l a s  h~pl = f3( t ,  ~?)H3, h~91 =f4( t ,  
~)Ht where  f3 a n d f t  a r e  so lu t ions  of  the s y s t e m  (3.1) in which ci ,  c 3 should  be r e p l a c e d  by ct and c3, r e -  
spec t ive ly .  Then the funct ion w2(~, ~1, t) = H 3 + H 4 sa t i s f i e s  (3.2) p r o v i d e d f l  is r e p l a c e d  by f3 and f2  by 
f t ,  and is of  the f o r m  

w~ (L n, t) = j" [~ (t~ - -  u)l - ~ n  e ~ c . - ~  [ o,.~ (~, ~o ~ (~' ~) 1 du (3 

To obtain  an e x p r e s s i o n  fo r  h~01 one has to mul t ip ly  (3.3) by f4  and (3.4) by f2  and add up. An e x p r e s s i o n  
fo r  h01 is ob ta ined  s i m i l a r l y .  

4 .  T h e  C a s e  o f  B o u n d e d  R e g i o n .  E x a m p l e s  

The  me thod  of a sympto t i c  s e r i e s  d e s c r i b e d  in Sec~ 2 can a lso  be adapted to the c a s e  of the f luid f i l l -  
ing a bounded domain  whose  boundary  is a f r e e  s u r f a c e .  A s y m p t o t i c  expans ions  a r e  now obtained in the 
f o r m  of (2.1). The  funct ions  Vk, Pk sa t i s fy  the s y s t e m s  (2.4). The f o r m u l a s  (2.5) and (2 06) a re  sa t i s f i ed  
fo r  the loca l  c o o r d i n a t e s  and the funct ions  hk,  qk,~k can be  d e t e r m i n e d  f r o m  (2.7)-(2.9).  

Example  1. Le t  t h e r e  be a f luid ins ide  the ba l l  x 2 + y2 + z 2 < 1 at  the ini t ia l  t ime  ins tan t  and le t  a 
ve loc i t y  f ield v 0 = 0; v r = X r / ~ ; ;  v z = - 2Xz/~3-be  spec i f ied  the re in ,  the ba l l  su r f ace  being a f r e e  bounda ry .  
The  c o r r e s p o n d i n g  flow of  an ideal  f luid in the absence  of g rav i t a t iona l  f o r c e s  was  obta ined by Ovsyannikov 
in [9]. With t i n c r e a s i n g  the bal l  is d e f o r m e d  and b e c o m e s  an e l l ipso id  of  revo lu t ion  with s e m i a x e s  given by 
~-(t), ~'(t), T-'2(t); m o r e o v e r ,  if  X < 0, then for  t - -  co, r ~  0 the e l l ipso id  is s t r e t c h e d  along the z - ax i s ,  and 
if X > 0 the e l l ipso id  f la t tens  out towards  the plane z = 0~ If the v i s c o s i t y  is taken into account ,  this r e s u l t s  
in the expans ions  (2.1) inwhichv0,  P0 a r e  found f r o m  (2.2) and a r e  given by  [9] 

V~o=~v-ir; Vzo=-- 2Tv-~z; Voo=0; "~=d~(t)/dt; 

po=--  0 ,5~ i r~-~+z~  ~ -  t); 

.!~ 1/2 § r ~ �9 a-3da = ~t (~ = const). 
t 

The p r inc ipa l  t e r m s  of  the a sympto t i c  expans ions  can be  d e t e r m i n e d  f r o m  Eqs .  (2.7) and (2.9) fo r  k = 1, 
whe re  

Z(t, ~ ) = v  -2 sin ~; R(t, r cos cp; a0=~-25 -1  cos cp; 

bo:~6 -2  sin q~; 5":-~ 2 sin 2 q~_]_.~_4 cos 2 q~; b(t, cp)=0; 

a(t, q ) ) = T T - - I ~ - - 2 ( T  - 4  COS 2 q) - -  2"~.sin 2 ~); 

c~=~-~5-2(~ 2 sin 2 q~ - -  2~--~ cosZ q~); 

c3=0; co1=-- 3~z-35 -3  sin 2cp; o~=0. 

398 



U s i n g  the f o r m u l a s  (3.3) and (3.4) one f inds  

ho~=0, h ~  = 3~-2sin2~0! ' ~(u) 
�9 - 

h0~=0. 

F r o m  (2.7) the  p r e s s u r e  i s  o b t a i n e d  in  the  b o u n d a r y  l a y e r ,  n a m e l y ,  

e a(t-u) du. 

= I (u)  ( ),rfo { 

The  s e c o n d  a p p r o x i m a t i o n  of the  f i r s t  i t e r a t i o n  of v 2 = (Vr2 , Vz2 , 0) i s  now d e t e r m i n e d .  By e m p l o y i n g  
the  r e l a t i o n s  vz = 0, div v~ = 0 the  func t ion  ~ i s  i n t r o d u c e d .  S ince  v~ = g r a d  �9 one ob t a in s  f r o m  (2.4) a s y s -  
t e m  of e q u a t i o n s  fo r  �9 and  p~: 

o,t)o___2 + "r 'c- ir~r176162 oz VzcO = O; cDlt=o = O; 

= o-7~, + -V- W# + ~ ; 

[P~ -~- q~],=o = 2~'~-t5 -~" ('~-~ cos ~ cp - -  2"~-" sin ~ q)); 

Hence  b y  e l i m i n a t i n g  P2 one ob t a in s  a b o u n d a r y - v a l u e  p r o b l e m  f o r  ~ : 

12"~o In 
~ ( I )  = O; ff)]~=o = (1 -- "~) [t + "~ + (1 --  ~) cos 2q)] 

(r, z, t ~ DO). 

The  s o l u t i o n  of the  above  i s  r e p r e s e n t e d  in s e r i e s  f o r m ,  

i --  T ~ ( - -  l)'~a~ (~) Q~-~ l Ph.(c~ 2T) Q~ (ch a), 

w h e r e  Pk(X), Qk(X) a r e  the  L e g e n d r e  func t ions  of  the  f i r s t  and  s e c o n d  kind;  r e s p e c t i v e l y ,  Gk(7) and ~ b e i n g  
found f r o m  the r e l a t i o n s  

t 

2 t -i- v + x (t -- T) dx; sh'-'----W ~ cll~ ~ ~---z-- 
- - 1  

One can  now d e t e r m i n e  [2 f r o m  Eq .  (2.8) f o r  k = 1, w h e r e  hp~ and vo2 a r e  b o u n d b y  e m p l o y i n g t h e r e l a t i o n s  

OhP2 O~ v~,~ = 6 - t  o~._~_. 6 R - -  + (Rh,~) = O; ho~[~=~ = O. 
O ~  ' d s  

Hence  i t  fo l lows  tha t  

~t 

~.,. = t .5T--28 - t  i' ~a (i + sinz r sin 2 ~ --  (1 + cos ~ q)) cos~ q~ 
i (cos ~ ~v + z3 sin 2 ~0)~ V 2 ~- x 3 in xdx + 3v-15 -~ ~ ak (~) Pk (cos 2@; 

. V 2 + x ~ .  ax.  
t . 

E x a m p l e  2.  The  f r e e  a s c e n t  of  a g a s  c a v i t y  in f lu id  i s  c o n s i d e r e d .  I t  i s  a s s u m e d  tha t  the  c a v i t y  
r a d i u s  c i s  so  s m a l l  tha t  s u b j e c t e d  to  s u r f a c e  t e n s i o n  i t  r e t a i n s  i t s  s p h e r i c a l  s h a p e .  We l o c a t e  the  o r i g i n  
of  the  t r a v e l i n g  c o o r d i n a t e  s y s t e m  a t  the  c e n t e r  of  the  c a v i t y ;  t hen  in t h i s  c o o r d i n a t e  s y s t e m  the  f low func -  
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t ion ~0 of the degenera te  p r o b l e m  (2 2)  for  the flow outside the cavi ty  which moves  with ve loc i ty  u(t) is 
given by the e x p r e s s i o n  

i ( 4 0 = ~ u ( t )  r 2 -  C3~sin~% 

In this example ,  r ,  ~o, 0 a r e  a lways sphe r i ca l  coord ina tes .  The flow takes  place  in a mer id iona l  s e c -  
tion, t he re fo re  Vk0 = hk0 = 0. The equation and the boundary  conditions for  the ve loc i ty  h~01 in the boundary 
l aye r  on the cavi ty  a re  given by 

Ohm: c~h~t Oh~l . O~hr 
ot 2~3s ~ cos q~ + ~ ~ sin q~ + libel cos r = Os 2 ; 

hcxlt=o = h~:l~=o* = O; 

.0hr L=0 = 2~sintp (15- 23u~t))" 

Applying the method used  in Sec. 3 one obtains an express ion  for  l~o 1 and f r o m  (2,7) for  k = 1 the p r e s s u r e  
q2 is found in the boundary  l aye r :  

-~ sz sin ~ ~p 
2 f B (u, qo) e ~(.:--u) d/ t ;  

h ,~  = V - : .  s in  qo ~' l / 'r  - -  

[ s s i n ~ t p h .  q 2 = -  12uc-2 sin--2 qo ,f B(u ,  t p ) e r f r  
0 

where  

t exp 4 fJ(z) dx dz 

x 16e 0 tg2 = [ " 
t~-exp 2 ~(z) dx--4 f~(t) dt tg ~ 

0 

In the above B(u, r is obtained f r o m  13(0 if the l as t  f o rmula  in which r is r ep laced  by u is employed.  

In the case  u = const  the fo rmulas  a re  cons is ten t  with the r e s u l t  obtained by Pe t rov  in [101. 

The author would like to exp re s s  his s ince re  thanks to L. S. Srubshchik and V. I. Yudovich for  fo r -  
mula t iag  the p r o b l e m  and d iscuss ing  the r e s u l t s .  
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